For each integral homology sphere Y , a function Γ Y on the set of integers is constructed. It is established that Γ Y depends only on the homology cobordism of Y and it recovers the Frøyshov invariant. A relation between Γ Y and Fintushel-Stern's R-invariant is stated. It is shown that the value of Γ Y at each integer is related to the critical values of the Chern-Simons functional. Some topological applications of Γ Y are given. In particular, it is shown that if Γ Y is trivial, then there is no simply connected homology cobordism from Y to itself.
Introduction
Various Floer homology theories provide powerful tools in 3-manifold topology [Flo88, OS04, KM07] . The definitions of these invariants follow a similar pattern. To a given 3-manifold Y , one associates a pair of an infinite dimensional space BpY q and a functional CS, defined on BpY q. 1 Then the relevant Floer homology of Y is obtained by applying the Morse homological methods to the functional CS. A unique feature of instanton homology [Flo88] among other Floer homology theories is that both BpY q and the functional CS are topological. On the other hand, one needs to fix additional auxiliary structures for monopole Floer homology (in the form of a Riemannian metric for Y ) and Heegaard Floer homology (including a Heegaard diagram for Y ) to define BpY q and CS. In the present article, we exploit this property of instanton Floer homology to introduce an invariant of integral homology 3-spheres which is preserved by homology cobordisms. The definition of this invariant is partly inspired by ideas from Min-Max theory. 2 This homology cobordism invariant provides a platform to unify works of various authors including Donaldson [Don83] , Fintushel-Stern [FS85, FS90] , Frøyshov [Frø02] , Furuta [Fur90] , Hedden-Kirk [HK12] . Both parts of the above theorem can be strengthened. Before stating an improvement of Theorem 1 (i), we need to give a definition: Definition 1.1. An integral homology sphere Y is SUp2q-non-degenerate, if all SUp2q flat connections on Y are non-degenerate. That is to say, for any flat connection α on Y , we have H 1 pY ; ad α q " 0 where ad α is the flat vector bundle of rank 3 associated to the adjoint representation of α.
Statement of Results

Let
Theorem 2. Suppose Y is an integral homology sphere. There is a positive constant τ pY q such that for any positive integer i, we have:
Γ Y piq ě τ pY q.
Moreover, if Y is SUp2q-non-degenerate, then there is a positive constant τ 1 pY q such that for any positive integer i, we have:
The constants τ pY q and τ 1 pY q in the above theorem can be explicitly defined in terms of the moduli spaces of anti-self-dual SUp2q-connections on RˆY . (See Definitions 3.28 and 3.40.) The following theorem gives a generalization of part (ii) of Theorem 1:
Theorem 3. Suppose W is a cobordism from an integral homology sphere Y to another homology sphere Y 1 such that b 1 pW q " 0 and the intersection form of W is negative definite, i.e., b`pW q " 0. Then there is a non-negative constant ηpW q such that for any positive integer i and non-positive integer j, we have 3 :
Moreover, the constant ηpW q is positive unless there is an SUp2q-representation of π 1 pW q which extends non-trivial representations of π 1 pY q and π 1 pY 1 q.
Gauge theoretical methods provide an important source of tools to study the group Θ 3 Z . In his groundbreaking work [Frø02] , Frøyshov introduced a homomorphism h : Θ 3 Z Ñ Z which is defined using Floer's instanton homology of integral homology spheres. Frøyshov's construction motivated the definition of numerical invariants of homology cobordism group in the other Floer homologies [Frø96, OS03, KM07, Frø10, Man16, Lin14, HM15] , which have many interesting applications in low dimensional topology. Invariants with similar flavor are introduced in [Sto17, HHL18] by building on the constructions of [Man16, HM15] . The invariant Γ Y can be regarded as a refinement of Frøyshov's h-invariant:
Theorem 4. The function Γ Y takes a finite value at an integer k if and only if k ď 2hpY q.
The invariant hpY q gives consraints on the intersection form of 4-manifolds X which fill the 3-manifold Y . For example, if hpY q ď 0, then there is no negative definite 4-manifold X with boundary Y such that the intersection form of W is not diagonal [Frø02, Theorem 3] . If we let Y " S 3 , then this result specializes to Donaldson's groundbreaking diagonalizability theorem [Don83] . Negative definite 4-manifolds can be also used to obtain constraints on Γ Y :
Theorem 5. Suppose X is a 4-manifold whose boundary is an integral homology sphere Y . Suppose the intersection form Q of X on H 2 pX; Zq{Tor has the following form
Here L is a non-trivial negative definite lattice such that:
mpLq :" min is greater than 1. Then we have:
In particular, Γ Y p1q is a finite number.
For a slightly more general version of Theorem 5 see Propositions 5.1 and 5.3.
In the case that Y " S 3 , we have:
This is an immediate consequence of the definition of Γ Y . It also follows from Theorem 3 applied to the product cobordism between two copies of S 3 and Theorem 4. For an integral homology sphere, we say Γ Y is trivial, if Γ Y " Γ S 3 . Theorems 3 and 5 imply that:
Corollary 1. Let W be a homology cobordism from Y to Y 1 such that ΓpY q is non-trivial (and hence ΓpY 1 q is non-trivial). Then the inclusion of Y and Y 1 in W induce non-trivial maps of fundamental groups. In particular, there is not a simply-connected homology cobordism from Y to itself if hpY q ‰ 0.
This corollary is an extension of [Tau87, Proposition 1.7], which was originally proved using gauge theory on manifolds with periodic ends. (See Remark 3.52.) It also answers a variant of the following question asked by Akbulut [Kir95, Problem 4.95] . In this question, µ denotes the Rochlin homomorphism: Question 1.5. Let W be a homology cobordism from Y to Y 1 such that µpY q ‰ 0 (and hence µpY 1 q ‰ 0). Then W is not simply connected.
Fintushel and Stern introduced an invariant for any Seifert fibered homology sphere Σpa 1 , . . . , a n q in [FS85] , which is denoted by Rpa 1 , . . . , a n q and is defined as follows:
Rpa 1 , . . . , a n q " 2 a´3`n`n Here a " a 1¨a2 . . . a n . It turns out that the above number is an odd integer, not smaller than´1. The following theorem states that Γ Y is related to Fintushel and Stern's R-invariant:
Theorem 6. Let Y be an integral homology sphere which has the form:
where Y i are (not necessarily distinct) Seifert fibered homology spheres with positive values of the R-invariant. Let Y 1 be the Seifert fibered space Σpa 1 , a 2 , . . . a n q such that the value of the product a 1 a 2 . . . a n is maximum among all Seifert spaces Y i . Then for 1 ď i ď t Rpa 1 ,...,anq`3 4 u, we have:
Γ Y piq " 1 4a 1 a 2 . . . a n .
In particular, hpΣpa 1 , . . . , a ně 1 2 t Rpa 1 ,...,anq`3 4 u.
The main theorem of [FS85] asserts that if Rpa 1 , . . . , a n q ą 0, then there is no negative definite 4-manifold X whose boundary is´Σpa 1 , . . . , a n q. This result follows immediately from Theorems 3 and 6. The following well-known theorem of Furuta is another corollary of Theorem 6.
Corollary 2 ([Fur90]
). Suppose tY i " Σpa i,1 , . . . , a i,n i qu iPI is a collection of Seifert fibered homology spheres with positive R-invariants such that the positive integers a i :" a i,1 a i,2 . . . a i,n i are distinct. Then the integral homology spheres Y i determine linearly independent elements of Θ 3 Z .
As a special case, Furuta's result implies that the integral homology spheres tΣpp, q, pqk´1qu kPZ ą0 , for coprime positive integers p, q, span a subgroup of Θ 3 Z isomorphic to Z 8 because Rpp, q, pqk´1q " 1.
Corollary 3. Suppose DpT p,denotes the Whitehead double of the pp, qq-torus knot and Y p,q is the 3-manifold´ΣpDpT p,, the branched double cover of DpT p,with the reverse orientation. Then we have: 1 4pqp4pq´1q ď Γ Yp,q p1q ď 1 4pqp2pq´1q
(1.7)
More generally, if Y " n 1¨Yp 1 ,q 1 # . . . #n k¨Yp k ,q k for integers n i , p i , q i such that p i , q i are coprime integers greater than 1 and n i is a positive integer, then:
This corollary is a consequence of Theorems 2 and 6 using the ingredients provided by [HK12] . In [HK12] , a lower bound for the positive values of the Chern-Simons functional on the set of flat SUp2q-connections of Y p,q is given. This lower bound allows us to obtain the lower bound for Γ Y in (1.8). The upper bound in (1.8) is verified with the aid of a negative definite cobordism from Σpp, q, 2pq´1q to Y p,q . In fact, Proposition 1 below implies that Γ Yp,q p1q is one of the following values and it is natural to ask which of these values are equal to Γ Yp,q p1q:
.
Corollary 3 can be used to conclude the following theorem proved in [HK12] .
Corollary 4 ([HK12]
). The knots tDpT 2,2 n´1qu ně2 are linearly independent in the smooth concordance group.
A stronger version of Corollary 4 for a more general family of knots is proved in [PC17] . Analogous to Corollary 4, it is possible to reformulate the results of [PC17] in terms of Γ Y . In particular, the arguments of [PC17] can be used to obtain information about Γ Y where Y is the branched double cover of S 3 , branched along one of the knots studied in [PC17] .
There are properties and invariants of integral homology spheres which do not respect the homology cobordism relation. But we can use Γ Y to show that the homology cobordism group is not completely blind to them. For instance, being an SUp2q-non-degenerate integral homology sphere is not preserved by homology cobordisms. If Y has an irreducible SUp2q flat connection, then Y #´Y is SUp2q-degenerate and it is homology cobordant to S 3 , an SUp2q-non-degenerate integral homology sphere. Nevertheless, we have the following corollary of Theorems of 2 and 6:
Corollary 5. Suppose Σpa 1 , a 2 , . . . a n q is a Seifert fibered space with Rpa 1 , a 2 , . . . a n q ě 5. Then Σpa 1 , a 2 , . . . a n q is not homology cobordant to an SUp2q-non-degenerate integral homology sphere. In particular, Σpa 1 , a 2 , . . . a n q is not homology cobordant to a Brieskorn homology sphere Σpp, q, rq.
Note that there are Seifert fibered homology spheres Σpa 1 , a 2 , . . . a n q with arbitrarily large values of Rpa 1 , a 2 , . . . a n q. It is natural to ask whether Γ Y takes any irrational value. Proposition 1 implies that if Y is a linear combination of Seifert fibered homology spheres (or more generally plumbed 3-manifolds), then Γ Y is always rational valued. In order to find Y with an irrational value in the image of Γ Y , we firstly need to find an SUp2q-flat connection α on an integral homology sphere such that CSpαq is an irrational number. Even existence of such flat connections is an open question.
We end this part of the introduction by discussing a filtration on Θ 3 Z . Given two integral homology
This defines a total quasi-order 4 on Θ 3
Z . There is also a well-known quasi-order
is a negative definite cobordism, then performing surgery on a set of loops representing a basis for H 1 pX, Rq gives rise to a negative definite cobordism from Y to Y 1 with vanishing b 1 .) Theorem 6 implies that if we pick the sequence tY k :" Σpp, q, pqk´1qu k , then for any integer N we have Y k ľ Γ N¨Y k´1 . In light of [Hom15] , it would be interesting to study the behavior of this filtration (or some refined version of it) with respect to connected sums of 3-manifolds. Of course, this requires a better understanding of the invariant Γ Y with respect to connected sums which will be investigated in [Dae].
Outline of Contents
For the purpose of this paper, we need to work with a version of instanton Floer homology which is defined with coefficients in a Novikov field. This version of instanton Floer homology is discussed in Section 2. Subsection 2.2 is devoted to a review of the functoriality of instanton Floer homology with respect to negative definite cobordisms with vanishing b 1 . In [Don02] , various equivariant instanton Floer homology theories for integral homology spheres are introduced. In Subsection 2.3, we introduce three such equivariant theories and show that they fit into an exact triangle. The construction of this exact triangle is inspired by similar objects in the context of monopole Floer homology [KM07] and Heegaard Floer homology [OS04] .
The definition of Γ Y is given in Subsection 3.1 using the exact triangle of equivariant instanton Floer homologies. As it is explained there, one can avoid equivariant theories in the definition of Γ Y . However, I find it more instructive to use the language of equivariant instanton Floer theories. I also believe that this approach would be more efficient in studying the behavior of Γ Y with respect to topological constructions such as surgery along a knot and taking connected sum. In Subsection 3.2, we verify the basic properties of Γ Y claimed above. In Section 4, we study the relation between Γ Y and Fintushel and Stern's R invariant. Section 5 is devoted to the proof of Theorem 5 and its generalizations.
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A Review of Instanton Floer Homology
Instanton Floer Chain Complexes
Suppose Y is an integral homology sphere and P is an SUp2q-bundle on Y , which is necessarily a trivial bundle. Let ApY q be the space of SUp2q-connections on P . We fix a trivialization of P and denote the associated trivial connection by Θ. Other connections on P are given by adding elements of Ω 1 pY, sup2qq to the trivial connection. Here Ω 1 pY, sup2qq is the space of smooth 1-forms on Y with coefficients in sup2q, the Lie algebra of SUp2q. For a connection A " Θ`a, with a being an element of Ω 1 pY, sup2qq, the Chern-Simons functional of A is defined to be:
Suppose GpY q is the space of smooth automorphisms of P . Given an element of g P GpY q, we can pull-back a connection using the automorphism g´1. This determines an action of GpY q on ApY q. An element of ApY q is irreducible if its stabilizer with respect to the action of GpY q is˘id. The action of each element of GpY q changes the value of the Chern-Simons functional by an integer. Therefore, we have an induced map CS : BpY q Ñ R{Z where BpY q is the quotient space ApY q{GpY q.
Instanton Floer homology of Y can be regarded as the "Morse homology group" associated to the Chern-Simons functional CS. The critical points of CS are represented by flat SUp2q-connections on Y and form a compact subspace of BpY q. The trivial connection (more precisely, the class represented by Θ) is a singular element of BpY q, because the stabilizer of Θ consists of constant automorphisms of P . On the other hand, all non-trivial flat connections on P are irreducible. The trivial connection is a non-degenerate critical point of CS, namely, Hessian of CS at Θ is non-degenerate modulo the action of the gauge group. For now, we assume that the other critical points are also non-degenerate and hence isolated. Consequently, there are only finitely many critical points of CS.
We can form the analogues of downward gradient flow lines for the Chern-Simons functional. Fix two critical points α and β of CS which are represented by flat connections r α, r β P ApY q. Suppose A 0 is a smooth connection on RˆY , which is equal to the pull-backs of r α and r β on the ends p´8,´1sˆY and r1, 8qˆY , respectively. The connection A 0 determines a path z in BpY q from α to β. Fix an integer l ě 3 and define A z pα, βq to be the set of Sobolev connections A on RˆY such that ||A´A 0 || L 2 l ă 8. As the notation suggests, this space depends only on the path z. We define the topological energy of an element A P A z pα, βq to be:
The topological energy is independent of A, and we will denote it by Epzq. It is also related to the Chern-Simons functional as follows:
Suppose G z pα, βq denotes the group of automorphisms g of the trivial SUp2q-bundle on RˆY such that ||∇ A 0 g|| L 2 l ă 8. This group acts on A z pα, βq and the quotient is denoted by B z pα, βq.
Fix a metric on Y and equip RˆY with the product metric. A connection A P A z pα, βq is AntiSelf-Dual, if the self-dual part of its curvature, F`pAq, vanishes. The path tA| ttuˆY u tPR , for an ASD connection A, can be regarded as the downward gradient flow line of the Chern-Simons functional where we use the following metric on ApY q:
The ASD equation is invariant with respect to the action of G z pα, βq and the quotient space of the space of solutions is denoted by M z pα, βq. The space M z pα, βq is non-empty only if Epzq ą 0 or z is homotopic to the constant path. In the latter case, Epzq " 0 and α " β. For now, we assume that solutions of the ASD equation are regular. That is to say, they are cut down transversely by the ASD equation. Then M z pα, βq is an orientable smooth manifold.
To any α in BpY q, we can associate deg`pαq, deg´pαq P Z{8Z such that [Flo88, Don02] :
Moreover, deg`pΘq "´3, deg´pΘq " 0, and deg`pαq " deg´pαq for an irreducible flat connection α (under the standing assumption that the irreducible flat connections are non-degenerate). The grading on the elements of BpY q defined by deg´is called the Floer grading. Translation along the R direction gives an action of R on M z pα, βq. Unless α " β and z is homotopic to the constant path, this action is free andMpα, βq denotes the quotient space with respect to the R-action.
Suppose Λ is the following field:
and C˚pY q is the Λ-module generated by non-trivial flat connections on Y . There is also an endomorphism of C˚pY q denoted by d and defined as below:
where α and β are generators of C˚pY q and z is a path from α to β. In the above expression, #Mpα, βq denotes the signed number of the points inMpα, βq, with the understanding that this sum is non-zero only if the moduli space is 0-dimensional. In the case thatMpα, βq is 0-dimensional, this moduli space is compact and hence it consists of finitely many points. Moreover, for a general path z, the moduli space M z pα, βq is orientable. However, to make (2.3) rigorous, we need to fix an orientation of M z pα, βq for each α, β and z. We refer to [Don02] for a consistent way of fixing orientations for these moduli spaces.
The flat connection β contributes to the sum (2.3) only if deg´pαq´deg´pβq " 1. Therefore, the degree of d with respect to the Floer grading is equal to´1. The subspace of the elements of degree i in C˚pY q is denoted by C i pY q.
The moduli spaces of ASD connections asymptotic to the trivial connection on one end can be utilized to construct two other maps. Following [Don02] , let D 1 : C˚pY q Ñ Λ and D 2 : Λ Ñ C˚pY q be Λ-homomorphisms defined as follows:
From the definition, it is clear that D 1 is non-zero only on C 1 pY q, and D 2 takes values in the summand C 4 pY q of C˚pY q.
There is another interesting operator U which acts on C˚pY q. The map U is defined with the same formula as (2.3) except thatM z pα, βq is replaced with N z pα, βq, a co-dimension 4 submanifold of M z pα, βq,
The factor´1 2 does not have a great significance and is included to simplify subsequent formulas. Each homology class σ P H i pY q gives rise to a cohomology class µpσq P H 4´i pB z pα, βqq [DK90, Don02] . The submanifold N z pα, βq of M z pα, βq can be regarded as a subspace of M z pα, βq representing the cohomology class µp4¨xq where x is the generator of H 0 pY q. To be more specific, let B˚pp´1, 1qŶ q be the configuration space of irreducible SUp2q-connections on p´1, 1qˆY with finite L 2 l norms. Associated to the base point p0, y 0 q P p´1, 1qˆY , there is a base point fibration E on B˚pp´1, 1qˆY q. We fix two sections s 1 , s 2 of the complexified bundle E b C and define N z pα, βq as follows: N z pα, βq :" trAs P M z pα, βq | s 1 prprAsqq and s 2 prprAsqq are linearly dependent.u (2.5)
Here r : M z pα, βq Ñ B˚pp´1, 1qˆY q is given by the restriction of a connection to p´1, 1qˆY and is well-defined because of unique continuation. We also assume that s 1 and s 2 are chosen generically such that N z pα, βq is cut down transversely. We refer the reader to [Don02] and [Frø02] for more details 5 . By definition, U has degree´4 because N z pα, βq is 0-dimensional only if deg´pαq´deg´pβq " 4.
Let r C˚pY q :" C˚pY q'Λ'C˚´3pY q. Here C˚´3pY q is the same Λ-module as C˚pY q whose grading is shifted up by 3. The summand Λ is in correspondence with the trivial connection and we define its Floer grading to be 0. The above maps can be combined to form an operator r
Proposition 2.7. The map r d defines a differential of degree´1 on r C.
Proof. The same proposition with the coefficient ring Q is proved in [Don02] . (See also [Frø02] .) The argument there can be easily adapted to our case where the coefficient ring is Λ and the differential is weighted by powers of λ. We only need to observe that the topological energy of the concatenation of two paths z 1 and z 2 in BpY q is equal to the sum of the topological energies.
Define the minimal-degree of a non-zero element η " ř i a i λ r i of Λ to be min i tr i u. We write mdegpηq for this real number. We can also extend the minimal-degree to the case that η " 0 by requiring that mdegp0q " 8. The minimal-degree of pη 1 , . . . , η k q P Λ k is defined as:
In particular, mdeg can be defined on r C˚pY q. The differential r d increases the minimal degree, because the moduli spaces involved in the definition of this differential are non-empty only if the energy of the corresponding path is positive.
One often faces with homology spheres Y that the Chern-Simons functional has degenerate critical points or the moduli spaces M z pα, βq are not regular. In these cases, we need to perturb the ChernSimons functional. The classical choice of such perturbations are given by holonomy perturbations [Don87, Tau90, Flo88, Don02, Kro05, KM11b] . Without going into details of holonomy perturbations, we explain what such perturbations provide for us. Here we follow the approach in [Don02, KM11b] . For each 3-manifold Y , one can define a family of holonomy perturbations parametrized by a Euclidean space P: to each π P P, one can associate a bounded function f π : BpY q Ñ R and this association is a linear map from P to the set of continuous maps. If α and β are two critical points of CS`f π and z is a path from α to β, then the moduli space of downward gradient flow lines from α to β is denoted by M π z pα, βq. More precisely, M π z pα, βq consists of the gauge equivalence classes of connections A P A z pα, βq such that:
F`pAq`pdt^∇ At f π q`" 0 where A t :" A| ttuˆY and ∇ At f π is the formal gradient of f π at the connection A t .
Proposition 2.8 ( [Don02, KM11b] ). For any positive real number ε, there is an element π P P such that the following properties hold:
(ii) the non-trivial critical points of the functional CS`f π are non-degenerate and irreduicble;
(iii) for any two critical points α and β of CS`f π and any path z with indexpzq ă 8, the moduli space M π z pα, βq consists of regular solutions, i.e., any element of this space is cut down transversely;
(iv) if a flat connection is already non-degenerate, then we can assume that f π vanishes in a neighborhood of this flat connection.
Fix a positive real number ε, and let f π be a perturbation given by Proposition 2.8. The trivial connection is always a critical point of CS`f π , and if ε is small enough, all the other critical points are irreducible. Any such π is called an ε-admissible perturbation. We also say a perturbation is admissible if it is an ε-admissible perturbation for some ε. By replacing CS with CS`f π , we can construct a chain complex p r C π pY q, r dq in an analogous way. The chain group can be also equipped with the Floer grading and mdeg. The differential decreases the Floer grading by´1. However, the differential r d does not necessarily increase the minimal-degree anymore. Nevertheless, there is an upper bound in terms of ε on how much r d decreases mdeg. If the moduli space M π z pα, βq is non-empty, then: Epzq`f π pαq´f π pβq ě 0.
This inequality holds because an element of M π z pα, βq can be regarded as a downward gradient flow line of CS`f π . If ε is small enough, we can assume that the C 0 norm of f π is less than a given positive number δ. Therefore, Epzq ě´2δ, which implies that the differential r d decreases the minimal-degree on r C π pY q by at most 2δ.
Cobordism Maps
In this subsection, we discuss the functorial properties of instanton Floer homology with respect to cobordisms. Suppose Y , Y 1 are two integral homology spheres with base points, and π, π 1 are ε-admissible perturbations of the Chern-Simons functional on Y , Y 1 , respectively. The associated chain complexes to these perturbations are denoted by p r C π pY q, r dq and p r C π 1 pY 1 q, r dq. Let W : Y Ñ Y 1 be a cobordism with a choice of a path between the base points of Y , Y 1 such that b`pW q " 0, H 1 pW, Zq " 0. Then we can define a chain map r C W : r C π pY q Ñ r C π 1 pY 1 q, which has the following matrix form with respect to the standard filtrations of r C π pY q and r
In the case that the choice of the cobordism W is clear from the context, we drop W from our notation and denote the above maps with ϕ, ∆ 1 , ∆ 2 and µ.
As in the case of of the differentials of the Floer complexes, these maps are defined by the moduli space of ASD connections. Firstly, we need to fix a Riemannian metric on W . We assume that this metric is the product metric in a collar neighborhood of its boundary corresponding to the chosen metrics on Y and Y 1 . Let also W`be the non-compact manifold that is given by gluing the cylinders p´8, 0sˆY and r0, 8qˆY 1 with the product metric to W .
Let α, α 1 be respectively generators of C π pY q, C π 1 pY 1 q and fix connections representing these elements of BpY q, BpY 1 q. Let A be a connection on the trivial SUp2q-bundle over W`which is equal to the pull back of the chosen representatives on the cylindrical ends. If A 1 is another connection with the similar properties, then we say A and A 1 are equivalent to each other if there is an automorphism g of the trivial SUp2q-bundle such that g˚pAq´A 1 is compactly supported. An equivalence class of this relation is called a path form α to α 1 along W . The fundamental group of BpY q (resp. BpY 1 q), based at the connection α (resp. α 1 ), acts faithfully and transitively on the space of paths from α to α 1 by concatenation. The topological energy of a path z, represented by a connection A, is defined to be:
This energy is well-defined and only depends on z. Moreover, we have the following generalization of (2.1):
For a path z from α to α 1 represented by a connection A 0 , define A z pW ; α, α 1 q to be the space of SUp2q-connections on W`such that ||A´A 0 || L 2 l ă 8. Let G z pW ; α, α 1 q be the group of the automorphisms g of the trivial SUp2q-bundle such that ||∇ A 0 g|| L 2 l ă 8. The group G z pW ; α, α 1 q acts on A z pW ; α, α 1 q and the quotient space is denoted by B z pW ; α, α 1 q. We consider perturbations of the ASD equation on the space B z pW ; α, α 1 q which is compatible with the perturbations π and π 1 . This equation has the following form:
The term G 0 pAq is defined using π and π 1 in the following way:
here φ (respectively, φ 1 ) is a smooth function on R that is equal to 1 on p´8,´2s (respectively, r2, 8q) and equal to 0 on r´1, 0s (respectively, r0, 1s). The functions φ and φ 1 clearly determine functions on W`which are respectively supported on the incoming end and the outgoing end of W`. The term G 1 pAq in (2.11) is a secondary holonomy perturbation which is supported on a compact subspace of W`. The parametrizing space for this secondary holonomy perturbation is a Euclidean space P. Let M π z pW ; α, α 1 q be the moduli space of solutions to the equation in (2.11).
As in the case of cylinders, we can associate an integer indexpzq to the path z, which is the expected dimension of the moduli space M π z pW ; α, α 1 q. This integer is defined to be the index of the linearization of the equation in (2.11) modulo the action of the gauge group and it satisfies the following identity:
The maps involved in the cobordism map r C W are defined using low dimensional moduli spaces of the form M π z pW ; α, α 1 q where π is chosen such that all these moduli spaces are cut down transversely:
. Given a positive real number ε, there is a secondary perturbation term π P P such that |π| ă ε and all the moduli space M π z pW ; α 0 , α 1 q with indexpzq ă 8 consists of regular solutions, i.e., any element of these spaces is cut down transversely.
Any secondary perturbation π that satisfies the properties of Proposition 2.13 is called an ε-admissible secondary perturbation. We say π is admissible if it is ε-admissible for some choice of ε. For an ε-admissible perturbation, M π z pW ; α, α 1 q is a smooth manifold whose dimension is equal to indexpzq. We start with the definition of the map ϕ : C π pY q Ñ C π 1 pY 1 q. We firstly fix an an ε-admissible secondary perturbation π. Let α be a generator of C π pY q and define:
where the sum is over all paths z that the moduli space M π z pW ; α, α 1 q is 0-dimensional. In fact, for each α 1 there is at most one path z from α to α 1 such that the moduli space M π z pW ; α, α 1 q is 0-dimensional and for this choice of z, the moduli space is compact. Therefore, it consists of finitely many points. As in the case of differentials, there is a canonical choice of orientation for this moduli space [Don02] and for this choice ϕ is a chain map.
The other terms in (2.9) are defined in an analogous way. For example, µ : C π pY q Ñ C π´3 pY q is defined similar to the map ϕ in (2.14) by replacing #M π z pW ; α, α 1 q with´1 2 #N π z pW ; α, α 1 q where N π z pW ; α, α 1 q is a codimension 3 submanifold of M π z pW ; α, α 1 q. The definition of N π z pW ; α, α 1 q is similar to N z pα, βq and uses the path between base points. We refer the reader to [Frø02, Theorem 6] for the definition of µ. The maps ∆ 1 pW q : C π pY q Ñ Λ and ∆ 2 pW q : Λ Ñ C π 1 pY 1 q are also defined by considering the moduli spaces M π z pW ; α, α 1 q where either α or α 1 is equal to the trivial connection. A standard argument using 1-dimensional moduli spaces over W`verifies the following proposition:
The chain map r C W behaves well with respect to the Floer grading and mdeg. Identity (2.12) implies that the map r C W preserves the Floer grading. In order to study the behavior with respect to mdeg, let M π z pW ; α, α 1 q be a non-empty moduli space that contains the class represented by a connection A. Then Epzq can be written as the sum of three terms E 0 pzq, E 1 pzq and E 2 pzq, which are defined in the following way:
where W c is the complement of p´8,´T sˆY 0 and rT, 8qˆY 1 in W`, and T is chosen such that the secondary perturbation term is supported on W c . We can argue as in the previous subsection that for any positive constant δ there is ε such that E 0 pzq, E 1 pzq ě´2δ. We also have:
Therefore, if π is given by Proposition 2.13 and ε is small enough, then we can conclude that E 3 pzq ě´δ. Consequently, we can ensure that r C W does not decrease mdeg by more than a given positive number once ε is small enough. We can relax the condition H 1 pW, Zq to b 1 pW q " 0 using the ideas of [Don87] . In the case that b 1 pW q " 0, we have two additional types of reducible flat connections on W`: (i) flat connections induced by representations of π 1 pW q into Z{2Z. The stabilizer of any such reducible connection is a copy of SOp3q;
(ii) flat connections induced by representations ρ of π 1 pW q such that there are elements in the image of ρ which does not have order 2. The stabilizer of any such reducible connection is a copy of S 1 . The flat connections obtained from ρ and ρ´1 are equivalent to each other.
Using holonomy perturbations we may assume that any reducible flat connection of type (i) is regular [Don87] . Moreover, we may assume that the linearization of the perturbed ASD equation at any reducible connection of type (ii) has 1-dimensional co-kernel [Don87] .
The presence of flat connections of types (i) and (ii) requires us to modify the proof of Proposition 2.15. More specifically, we have the following new equations:
where cpW q is the number of the elements of H 1 pW, Zq, which is a finite positive integer. The first equation in (2.16) is obtained by looking at the 1-dimensional moduli space associated to a path z along W from a generator of C π pY q to the trivial connection Θ 1 on Y 1 . The first term on the right hand side of the first equation in (2.16) is obtained by counting the ends associated to gluing an element of the 0-dimensional moduli spaceM π z pYˆR, α, Θq to flat connections of type (i) and (ii). Using the arguments of [Don87] , any flat connection of type (i) contributes one end to the glued up moduli space and any flat connection of type (ii) contributes two ends. Therefore, in total we have the coefficient cpW q in our formula. A similar explanation applies to the second equation in (2.16). In summary, Proposition 2.15 holds if we replace (2.9) with (2.17):
»
Equivariant Instanton Floer Homology Groups
In this section, we review the definition of three different equivariant Floer homology groups p I˚pY q, q I˚pY q and I˚pY q for any integral homology sphere Y . These Floer homology groups are Λrxs-modules and are constructed algebraically from the Floer chain complexes of Subsection 2.1 without any other geometrical input. The Floer homology groups p I˚pY q and q I˚pY q are essentially the same as the Floer homology groups HFpY q, HFpY q introduced in [Don02] . The notation here is motivated by the notations used in the context of monopole Floer homology [KM07] . Similar to the three flavors of monopole Floer homology, the Floer homology groups p IpY q, q IpY q and IpY q are modules over Λrxs and they fit into an exact sequence of the form:
Following Subsection 2.1, we fix an ε-admissible perturbation π for the Chern-Simons functional of Y and form the chain complex pC π pY q, dq and the maps U , D 1 and D 2 . The Floer homology group p I˚pY q (pronounced as "I-from") is the homology of the following chain complex:
The Λrxs-module structure is also induced by the map:
It is helpful to think about the summand Λrxs in p C π pY q as a free Λrxs-module generated by the trivial connection. Similar comments apply to q I˚pY q and I˚pY q described below.
The Floer homology group q I˚pY q (pronounced as "I-to") is the homology of the following chain complex:
Here Λrrx´1, xs is the ring of Laurent power series in x´1. The action of x P Λrxs on this vector space over Λ is given by multiplication by x. The quotient module Λrrx´1, xs{Λrxs can be identified in an obvious way with the set of power series in x´1 with vanishing constant terms. The Λrxs-module structure on q C π pY q is given by the map:
Similar to the monopole Floer homology group HM pY q, the Floer homology group I˚pY q (pronounced as "I-bar") has a very simple form. This Λrxs-module is defined to be Λrrx´1, xs.
Next, we define chain maps:
by the formulas:
Lemma 2.23. The maps i and p are Λrxs-module homomorphisms which are also chain maps, and j is a chain map which commutes with the action of x up to a chain homotopy. That is to say, there is a map h : q C π pY q Ñ p C π pY q such that:
In particular, if i˚, j˚and p˚are the maps induced by i, j and p at the level of homology, then they are Λrxs-module homomorphisms. Moreover, i˚, j˚and p˚form an exact triangle as in (2.18).
Proof. It is straightforward to check that the first and the third identifies in (2.24) hold. If we define:
then we obtain the second identity in (2.24). We define maps k, l and r as in the diagram:
using the formulas:
and:
In the definition of l, the term |α| denotes the Z{8-grading of α. In particular, we assume that α is a homogenous element. These maps satisfy the identities:
It is also straightforward to check that the following maps are respectively isomorphisms of the chain complexes q C π pY q, p C π pY q and C˚pY q: Equivariant instanton Floer homology groups and the exact triangle in (2.18) are functorial with respect to cobordisms. Suppose Y and Y 1 are two integral homology spheres and W : Y Ñ Y 1 is a cobordism with b 1 pW q " b`pW q " 0. Suppose ε-admissible perturbations π and π 1 of the Chern-Simons functionals of Y and Y 1 are fixed, and these perturbations are extended to an ε-admissible perturbation of the ASD equation on W`. As in the previous subsection, we can associate the maps ϕ, µ, ∆ 1 and ∆ 2 to W by the chosen perturbations. We use these maps as the only geometrical input to obtain the functoriality of the exact triangle in (2.18). We firstly define a homomorphism p C W : p C π pY q Ñ p C π 1 pY 1 q as follows:
ere cpW q denotes the number of the elements of H 1 pW, Zq. Similarly, q C W : q C π pY q Ñ q C π 1 pY 1 q is defined to be:
roposition 2.29. The maps p C W , q C W and C W are chain maps. The map C W is a Λrxs-module homomorphism, and p C W and q C W commute with the action of x up to chain homotopies. That is to say, there are maps K : and L such that:
In particular, p C W , q C W and C W induce a Λrxs-module homomorphism of exact triangles at the level of homology.
Proof. The first part is easy to verify. For the remaining parts, we can define K, L, K and L as follows:
Remark 2.33. Suppose W : Y Ñ Y 1 is a negative definite cobordism with trivial b 1 . Standard continuation maps can be used to show that if one changes the choices of the perturbation term π and the Riemannian metric on Y , then r C W changes by a chain homotopy of the following form:
This input can be used to show that the chain homotopy type of the maps p C W , q C W and C W are also independent of the perturbation term and the metric. We do not attempt to write down these chain homotopies here partly because we do not need them. In fact, there are larger models for the homology groups p I˚pY q, q I˚pY q and I˚pY q where these results are easier to verify. In particular, these alternative models will behave better with respect to connected sum of integral homology spheres [Dae] .
We can extend the definition of the grading mdeg to the non-zero elements of the complexes p C π pY q, q C π pY q and C π pY q:
We define mdeg of the trivial element in these three complexes to be 8. It is also useful to pick a notation for the standard notion of degree for non-zero elements of C π pY q " Λrrx´1, xs:
The following lemma is a straightforward consequence of our analysis of the previous subsection on the behavior of cobordism maps with respect to mdeg:
Lemma 2.35. For any positive real number δ, there is a positive constant ε such that if the perturbations π, π 1 and the secondary perturbation on W are ε-admissible, then the maps p C W and q C W do not decrease mdeg by more than δ. Moreover, for any z P C π pY q, the difference |mdegpC W pzqq´mdegpzq| is at most δ and DegpC W pzqq " Degpzq.
Note that the claim DegpC W pzqq " Degpzq holds for any choices of admissible perturbations and we do not need any assumption on ε.
We end this subsection with some speculations about equivariant instanton Floer homology groups. An immediate consequence of the claimed properties in Remark 2.33 is that the exact triangle (2.18) is a topological invariant of Y and does not depend on the choices of the perturbation term and the Riemannian metric on Y . By dropping the powers of λ in our definitions, we can similarly define the analogue of the exact triangle (2.18) with rational coefficients.
The three flavors of monopole Floer homology y HMpY q, } HMpY q and HMpY q are also 3-manifold invariants which fit into an exact triangle of Qrxs-modules 6 [KM07] . Moreover, for integral homology spheres, the invariant HMpY q is always isomorphic to Qrx´1, xss " HompQrrx´1, xs, Qq. These similarities motivate the following question. An affirmative answer to this question would be in the sprit of 
Here the limit is taken over a sequence of perturbations tπ i u where π i is ε i -admissible and ε i converges to 0. We use the convention that the infimum of an empty set is equal to 8. In particular, if there is no z P C π pY q with ipzq " 0 and Degpzq "´k, then the infimum in the above expression is equal to 8. In the following proposition, we show that the definition of Γ Y pkq is independent of the choice of the sequence of perturbations tπ i u.
Let z P C π pY q and w P q C π pY q be chosen such that Degpwq "´k and q dpwq " ipzq. Let w 1 " q C W pwq and z 1 " C W pzq. Proposition 2.29 and Lemma 2.35 assert that:
where L is defined in (2.32). We fix a positive constant δ. Using Lemma 2.35, we can conclude that there is a positive constant ε 0 such that if ε ď ε 0 , then:
We can apply a similar argument to show that if ε 0 is small enough, then:
Identities (3.3) and (3.4) imply that:
Therefore, we have:
By taking infimum over all pairs of pw, zq as above we have:
By reversing the cobordism W , we obtain a similar inequality where the roles of Y and Y 1 are reversed. Thus the limit in (3.1) converges to a finite number for any sequence of holonomy perturbations tπ i u with |π i | P being convergent to zero. Moreover, this limit is independent of the chosen sequence. In fact, the limit only depends on the homology cobordism class of Y and the integer k.
Next, we attempt to unravel the definition of Γ Y . Fix a positive integer k, and let α P C π pY q be chosen such that:
We can form a pair:
where the constants a i P Λ are chosen arbitrarily. Then z has degree´k and ipzq " q dpwq. In fact, any pair of z with degree´k and w, satisfying q dpwq " ipzq, are given as in (3.7) for an appropriate choice of α and ta i u. In particular, the definition of Γ Y at a positive integer can be rewritten as:
where the infimum is taken over all α P C π pY q that satisfy (3.6). Given any positive constant δ, there is ε such that if π is an ε-admissible perturbation, then the difference mdegpD 1 U pk´1q pαqq´mdegpαqq is greater than´δ. This is the reason that we do not need to take the maximum of the expression in (3.8) and 0. The possibility to drop the maximum in (3.1) for positive values of k can be also explained using the fact that for any z with negative degree, we have Lpzq " 0.
We can show that this infimum can be taken over an even smaller set. We firstly need to introduce a new terminology:
Definition 3.9. Let i be an integer and r be a real number. Let π be an admissible perturbation of the Chern-Simons functional of an integral homology sphere Y . Let α 1 , . . . , α k be the critical points of the perturbed Chern-Simons functional whose Floer gradings are equal to i mod 8. For each α i , there is a unique path z i from the trivial connection Θ to α i such that indexpzq is equal to´i´3. Let also r i denote the topological energy of z i , which is an integer lift of´CSpα i q. (See the identity in (2.1).) A homogenous element of C π pY q with weight pr, iq is defined to be an element of the following form:
where s i are rational numbers. The set of all homogenous elements of C π pY q with weight pr, iq is denoted by C π pr,iq pY q. Definition 3.10. Given:
P r,i pαq :"
where P r,i pλ r l,j α l q is equal to λ r l,j α l if r l,j " r`r l , and is equal to 0 otherwise. We extend P r,i to a map on C π pY q by requiring P r,i pβq " 0 if β is an element with Floer grading j such that j ı i mod 8. The map P r,i is called projection to homogenous elements of weight pr, iq. Similarly, we define a projection map P r : Λ Ñ Λ which maps an element a of Λ to sλ r where s is the rational coefficient of λ r in a.
The following lemma is a straightforward consequence of additivity of indices and topological energies:
Lemma 3.11. Any homogenous element of weight pr, iq of C π pY q is also a homogenous element of pr`1, i`8q. We also have:
(ii) U maps a homogenous element of weight pr, iq to a homogenous element of weight pr, i´4q, and we have U˝P r,i " P r,i´4˝U ;
(iii) D 1 maps a homogenous element of weight pr, 1q to a rational multiple of λ r , and we have D 1P
r,1 " P r˝D1 ;
(iv) D 2 maps λ r to a homogenous element of weight pr,´4q, and we have D 2˝Pr " P r,´4˝D2 .
Suppose α P C π pY q satisfies (3.6), and mdegpD 1 U k´1 pαqq " r 0 . We define α 0 to be λ´r 0P pr 0 ,4pk´1q`1q pαq, which is a homogenous element of weight p0, 4pk´1q`1q. By Lemma 3.11, α 0 satisfies the identities in (3.6) and mdegpD 1 U k´1 pα 0" 0. Since the projection maps P r,i do not decrease mdeg, we can conclude:
This inequality implies that to find the value of Γ Y pkq, it suffices to take the infimum in (3.8) over the following set:
We can give a similar description for Γ Y pkq in the case that k is non-positive. Let:
be given such that:
(3.14)
Then for any arbitrary sequence tb i u´1 i"´8 the pair:
satisfies the identity ipzq " q dpwq, and any such pair with z being of degree´k is given as in (3.15). Then we have: ta 0 ,a 1 ,...,a´kupmdegpa 0 , a 1 , . . . , a´kq´mdegpαqq˙(3.16) where the infimum is taken over all pairs pα, Aq which satisfy (3.14).
We can work with a smaller set of pairs pα, Aq in (3.16). Let pα, Aq be as in (3.13) satisfying (3.14). We also assume that a i 0 has the minimum mdeg among the elements of A, which is equal to r 0 . We define:
Our assumption on i 0 implies that b i " 0 if i ą i 0 . Projection of (3.14) to homogenous elements of weight pr 0 ,´4´4i 0 q shows that:
We also have mdegpb 0 , b 1 , . . . , b´kq " 0 and mdegpα 0 q is not less than mdegpαq´r 0 . Consequently, we have:
This analysis shows that it suffices to take the infimum in (3.8) over the following set:
is a rational multiple of λ´k´i 2 if i " k mod 2, and is zero otherwise.u (3.18)
Remark 3.19. The author does not know any example where the value of Γ Y at a non-positive integer is a finite positive number. However, one can easily construct chain complexes over Λ with the similar formal properties as r C π pY q such that the analogue of Γ Y takes non-trivial values at non-positive integers. For instance, let pC˚, dq be a Z{8Z-graded complex generated by two generators α and β in degrees 5 and 4 such that:
We also define U : C˚Ñ C˚´4 and D 1 : C˚Ñ Λ to be trivial maps. Let also D 2 : Λ Ñ C˚be defined as follows:
where r 2 is a real number smaller than r 1 . As in (3.1), we can associated a map Γ : Z Ñ R ě0 . The value of this function at 0 is equal to the positive number r 1´r2 (and this is the only non-trivial value of Γ). We hope that the understanding the behavior of Γ Y with respect to various topological constructions, such as surgery along knots, would be helpful to study whether there are complexes as above with non-trivial values of Γ Y at non-positive integers.
Motivated by the definition of L π k in (3.12) and (3.18), we also give the following definition:
Definition 3.20. Let π be an admissible perturbation for the Chern-Simons functional of an integral homoiogy sphere Y . We say w P q C π pY q and z P C π pY q form a special pair of degree N if the following conditions are satisfied:
In particular, any special pair of degree N satisfies the identity ipzq " q dpwq. The above discussion shows that to compute the value of Γ Y at´N , it suffices to take the infimum in (3.1) over all special pairs pz, wq of degree N .
Example 3.21. In the case that Y " S 3 , Σp2, 3, 5q or´Σp2, 3, 5q, we fix the metrics on Y which are induced by the standard metric on the 3-dimensional sphere, the universal cover of Y . Then all critical points are non-degenerate and all moduli spaces are regular. Therefore, we can use the trivial perturbation π 0 to compute Γ Y . In the case that Y " S 3 , the set L π 0 k is empty for any positive k and consists of elements of the form p0, ta 0 , . . . , a´kuq for negative values of k. This implies that:
The complex C π 0 pΣp2, 3, 5qq is generated by two flat connections α and β with Floer gradings 1 and 5. Then we have:
The above identities after evaluating λ at 1 are verified in [Frø02] . The calculation of the index and the Chern-Simons functional which determines the powers of λ in the above identities can be found, for example, in [FS90] . For an exposition of the method of [FS90], we refer the reader to [DX17, Subsection 3.4] where the same conventions as here for the definition of the Chern-Simons functional and Floer grading is used. These calculations show that The complex C π 0 p´Σp2, 3, 5qq is generated by two flat connections α˚and β˚with Floer gradings 4 and 0. We also have: 
Properties of Γ Y
In this subsection, we review some of the basic properties of Γ Y .
Proposition 3.22. Γ Y is an increasing function with values in R ě0 .
Proof. It is obvious from the definition that Γ Y takes values in R ě0 . To show monotonicity of Γ Y , fix an admissible perturbation π of the Chern-Simons functional and let pz 0 , w 0 q be a special pair of degreé k. In particular, z 0 has degree´k, w 0 " pα, 0q for an appropriate α P C π pY q and q dpw 0 q " ipz 0 q. We define z 1 :" x¨z 0 and w 1 :" x˝w 0 . Then z 1 is an element of C π pY q with degree´k`1. We also have ipz 1 q " q dpw 1 q because i and q d are Λrxs-module homomorphisms.
It is clear that mdegpz 1 q ď mdegpz 0 q. Moreover, for a given δ, there is ε such that for any ε-admissible perturbation: mdegpw 1 q ě mdegpw 0 q´δ. These inequalities imply that:
Consequently, taking infimum over all choices of of pz 0 , w 0 q and letting |π| P go to 0 allow us to conclude that Γ Y pk´1q ď Γ Y pkq. Before giving the proof of the above proposition, we give an interpretation for h in terms of some of the terminology introduced in this paper:
Lemma 3.24. For any integral homology Y and any admissible perturbation π, the integer 2hpY q is equal to the largest value of k such that the set L π k is non-empty.
Proof. For any admissible perturbation π, let pC π pY q, dq be the standard Floer chain complex defined over rational numbers. The definition of this complex is similar to C π pY q with the difference that twe use rational numbers as the coefficient ring and we do not include any power of λ in the definition of the differential d. By dropping the powers of λ from the definition of D 1 , D 2 and U , we can also define:
Using these operators, we define:
for positive values of k, and:
Evaluation of λ at 1 gives a bijective map from L π k to K π k for any integer k. It is also shown in [Frø02, Proposition 4] that the set K π k is non-empty only if k ď 2hpY q. 7 Thus the largest k with L π k being non-empty is equal to 2hpY q.
Proof of Proposition 3.23. Lemma 3.24 shows that if k ą 2hpY q, then L π k is empty for any admissible perturbation π. This lemma also implies that if k ď 2hpY q, then L π k is non-empty for any given ε-admissible perturbation π. Therefore, the infimum in (3.8) or (3.16) is finite for any given π. Now we can follow the argument in the proof of Proposition 3.2 and obtain a uniform upper bound for the infimum of (3.8) or (3.16) for any other ε-admissible perturbation. Thus Γ Y pkq is a finite number.
Remark 3.25. Combining Lemma 3.24 and the discussion of the previous section shows that hpY q is given by the following identity:
hpY q " maxtk | Dz P I˚pY q with Degpzq "´k and i˚pzq ‰ 0u Proof. Suppose π is an admissible perturbation of the Chern-Simons functional of Y . Firstly let k be a positive number and α P L π k . The condition α P C π p0,4k´3q pY q implies that:
α " s 1 λ r 1 α 1`s2 λ r 2 α 2`¨¨¨`sj λ r j α j where α 1 , . . . , α k are the critical points of CS`f π with Floer grading 4k´3, s 1 , . . . , s k are rational numbers. The exponent r i is introduced in Definition 3.9 and is equal to´CSpα i q mod Z. Since α P C π p0,4k´3q pY q, we have mdegpD 1 U k´1 pαqq " 0. We also have:
In particular, we have:
Therefore, there is an irreducible critical point α i of CS`f π with index 4k´3 such that the above infimum is equal to CSpα i q mod Z. As we let π Ñ 0, the values of the Chern-Simons functional on the critical points of CS`f π converge to the finite set of values of the Chern-Simons functional on Definition 3.28. For any integral homology sphere Y , τ pY q is defined to be:
where the infimum is taken over all paths z from an irreducible flat connection α to the trivial connection Θ such that the moduli space M z pα, Θq is non-empty.
Given a path z from α to Θ as in (3.29), Epzq is equal to CSpαq mod Z. Thus τ pY q takes values in a discrete set because the Chern-Simons functional takes only finitely many values on the set of flat SUp2q-connections. This implies that τ pY q can be realized by the topological energy of an ASD connection from an irreducible flat connection α to the trivial connection. In particular, this constant is positive and we have:
τ pY q ě mintr | r P R ą0 , r " CSpαq mod Z for a flat connection αu The proof of the above proposition needs some preparation. Firstly we start with a standard exponential decay result about instantons on tubes:
Lemma 3.32. Let α be a non-degenerate SUp2q-flat connection on an integral homology sphere Y . There are constants ε 0 , ε 1 , C l and δ such that the following holds: (i) Suppose A is an ASD connection on p0, 8qˆY such that the L 2 -distance between A| ttuˆY , for t P p0, 1q, and α is less than ε 0 and ||F pAq|| L 2 pp0,8qˆY q ă ε 1 . Then A is gauge equivalent to a connection of the form α`a where a is a 1-form on p0, 8qˆY with values in sup2q and:
(ii) Suppose A is an ASD connection on p´T, T qˆY , for T ą 1, such that the L 2 -distance between A| ttuˆY , for t P p´T,´T`1q, and α 0 is less than ε 0 and ||F pAq|| L 2 pp´T,T qˆY q ă ε 1 . Then A is gauge equivalent to a connection of the form α`a where a is a 1-form on p´T, T qˆY with values in sup2q and:
(3.34)
for t P p´T`1 2 , T´1 2 q.
Proof. This lemma is essentially proved in [Don02, Theorem 4.2, Proposition 4.3 and Proposition 4.4]. In [Don02] , it is assumed that Y is SUp2q-non-degenerate. We weaken this assumption by requiring that only the given flat connection α is non-degenerate and make the additional assumption that the L 2 distance of A| ttuˆY and α for appropriate values of t is bounded by ε 0 . Since α is non-degenerate, the L 2 -distance of α and any other flat connection is greater than a positive number κ. Let ε 0 be equal to κ 2 . We claim that for any positive constant η smaller than ε 0 and any positive integer k, there is a constant ε 1 such that for any ASD connection A as in part (i) (resp. part (ii)) of the lemma, the L 2 k -distance between the connections A| ttuˆY and α is less than η for any t P p 1 2 , 8q (resp. t P p´T`1 2 , T´1 2 q). We prove this claim for part (i). The proof for the other case is similar. Suppose there is a sequence of ASD connections A i on p0, 8qˆY such that ||F pA i q|| L 2 pp0,8qˆY q Ñ 0, the L 2 -distance of A i | ttuˆY for t P p0, 1q is less than ε 0 , and there is t i P r1, 8q such that the L 2 k -distance between A i | ttuˆY and the space of flat connections is equal to η. By Uhlenbeck compactness theorem, the connections A i | pt i´1 ,t i´1 qˆY , after passing to a subsequence and changing gauge, are C 8 loc -convergent to a flat connection on p´1, 1qŶ . However, it is a contradiction because the L 2 k distance between A i | ttuˆY and any flat connection is at least ε 0 . This verifies the claim. Given this claim, the arguments of [Don02] can be applied to prove the lemma without any change.
Lemma 3.35. Suppose tπ i u i is a sequence of admissible perturbations of the Chern-Simons functional of Y such that |π i | P Ñ 0. Suppose A i P M π i z i pα i , Θq where α i is an irreducible critical point of CS`f π i and z i is a path with index 1. We also assume that there is a constant ν such that f π i vanishes for connections whose L 2 -distance to Θ is less than ν. Then there exists an irreducible flat connection α 0 , a path z 0 from α 0 to Θ, and a (non-perturbed) ASD connection A 0 P M z 0 pα 0 , Θq such that:
Proof. The connection A can be constructed as a limit of a sequence of connections associated to the connections tA i u. The argument is an adaptation of [Don02, Theorem 5.4]. We divide the proof into several steps:
Step 1: The sequence ||F pA i q|| L 2 pRˆY q is bounded.
It suffices to show that the topological energies of paths between critical points of CS`f π i with index less than a fixed integer N are uniformly bounded by a constant K which does not depend on i. In the case that we are concerned only with the trivial perturbation, this is standard. The case of non-trivial perturbations tπ i u can be reduced to the case of the trivial perturbation using the following trick.
Each SUp2q-flat connection α has a path-connected open neighborhood such that the index and the topological energy of paths in this neighborhood are uniformly bounded. We cover the space of flat connections by finitely many such open neighborhoods. If |π i | P is small enough, then each end point of the path z i belong to one of the chosen open sets. Now we can use additivity of indices and topological energies with respect to concatenation of paths to verify the claim.
Step 2: There is a positive constant ε and for any connection A i in the above sequence, there is a constant T i such that A i | pT i ,8qˆY is an ASD connection and: ż
|F pA i q| 2 dvol " ε (3.37)
Suppose ε 0 and ε 1 are given as in Lemma 3.32. As in the proof of Lemma 3.32, we assume that ε 0 is smaller than half of the L 2 -distance of the trivial connection and the space of irreducible flat SUp2q-connections of Y . Let ε 1 :" minpε 0 , ε 1 , ν 2 q and T 1 i be the largest real number such that the L 2 distance between A| tT 1 i uˆY and Θ is at least ε 1 . Then the connection A i | pT 1 i ,8qˆY is an ASD connection. We claim that there is a constant N 0 , independent of i, such that:
Given i, if the above inequality does not hold for N 0 ě 1, then part (i) of Lemma 3.32 implies that there is a i such that A i is gauge equivalent to α`a i and:
is large enough in compare to C 0 , then the L 2 norm of a i is less than κ 2 , which is a contradiction. Thus the inequality holds for an appropriate value of N 0 and we define ε :"
. There is also a unique value of T i greater than T 1 i such that (3.37) holds.
Step 3: There is a connection A 0 P M z 0 pα 0 , Θq satisfying (3.36).
Let A 1 i be given by translating A i in the R direction by the parameter T i . Then we have: ż p0,8qˆY
|F pA
Using Lemma 3.32, the connection A 1 i is gauge equivalent to a connection of the form α`a 1 i where a 1 i satisfies the inequalities in (3.33). Thus the Arzela-Ascoli theorem implies that there is a subsequence 8 of the connections which is C 8 -convergent on p0, 8qˆY . We can also employ the Uhlenbeck compactness theorem to show that there is an ASD connection A 1 0 and a finite subset S of RˆY such that the sequence A 1 i , after passing to a subsequence and changing gauge, is L p 1 -convergent 9 on compact subsets of RˆY zS to an ASD connection A 1 0 . Moreover, we have:
Here and in what follows, we always denote a subsequence with the same notation as the original sequence. 9 The weaker L p 1 -convergence instead of C 8 -convergence is due to non-locality of holonomy perturbations. For a discussion related to adapting the Uhlenbeck compactness theorem to the ASD equation perturbed by holonomy perturbations, see [Kro05] . These two observations show that A 1 i is strongly convergent (resp. weakly convergent) on p0, 8qˆY (resp. RˆY ) to A 1 0 . In particular, A 1 0 is asymptotic to Θ on the outgoing end of RˆY . Since A 1 0 is an ASD connection, it is convergent to a flat connection on the incoming end [Don02, Theorem 4.18]. If this flat connection is irreducible, then we are done. In the case that A 1 0 P M z 1 0 pΘ, Θq, the term ||F pA 1 0 q|| L 2 pp´8,´hqˆY q is strictly less than lim inf i ||F pA 1 i q|| L 2 pp´8,´hqˆY q for any value of h. Otherwise, the incoming flat connection of A 1 i is convergent to the trivial connection which is a contradiction. The connection A 1 0 is non-trivial and hence its energy is at least 8π 2 , the energy of a single instanton. Let h be chosen large enough such that S is disjoint from p´8,´hqˆY and the distance between A i | ttuˆY and Θ is less than ε 0 for t P p´h´1,´hq. Define:
where ε 1 is given by Lemma 3.32. For large values of i, we may pick a constant S i such that: ż
The constants S i are convergent to´8 and we define a new sequence of connections A 2 i by translating A 1 i in the R direction by the parameter S i . Another application of Uhlenbeck compactness implies that A 2 i , after passing to a subsequence and changing gauge, is convergent to an ASD equation which satisfies:
Moreover, part (ii) of Lemma 3.32 implies that A 2 0 is asymptotic to the trivial connection on the outgoing end. If A 2 0 is asymptotic to an irreducible flat connection on the incoming end, then we are done. Otherwise, we repeat the above process. This process terminates because the energy of a non-trivial ASD connection asymptotic to the trivial connection on both ends is at least 8π 2 .
Proof of Proposition 3.31. Let tπ i u be a sequence of admissible perturbations such that |π i | P Ñ 0. Since the trivial connection is a non-degenerate critical point of the (non-perturbed) Chern-Simons functional of Y , we may also assume that f π i is trivial for connections whose L 2 -distance to the trivial connection is less than a fixed constant κ. If α i P L π i 1 pY q, then the difference mdegpD 1 pα i qq´mdegpα i q is equal to the topological energy of an element A i of M π i z i pα 1 i , Θq for an irreducible flat connection α 1 i . Therefore, we can pick the connections A i such that EpA i q Ñ Γ Y p1q. Applying Lemma 3.35 to this sequence of connections implies that there is an irreducible flat connection α 0 and an ASD connection A 0 P M z 0 pα 0 , Θq such that Γ Y p1q ě EpA 0 q which verifies our claim.
Definition 3.40. Suppose Y is an SUp2q-non-degenerate integral homology sphere. We define:
where the infimum is taken over all paths z 1 such that z 1 is obtained by concatenation of paths z 1 , . . . , z k satisfying the following properties. There are flat connections α 0 , . . . , α k such that α 0 and α k are irreducible, z i is a path from α i´1 to α i , the sum of the indices of paths z i is equal to 4´8n for a non-negative integer n and there is an ASD connection
Given a path z 1 from α´to α`as in (3.41), Epz 1 q is equal to CSpα 0 q´CSpα k q mod Z. Therefore, τ 1 pY q takes values in a discrete set. This implies that τ 1 pY q can be realized by a tuple pA 1 , . . . , A k q of ASD connections as in the above definition. We also have: τ 1 pY q ě mintr | r P R ą0 , r " CSpα´q´CSpα`q mod Z for irreducible flat connections α˘u Lemma 3.42. Suppose Y is an SUp2q-non-degenerate integral homology sphere. Suppose tπ i u i is a sequence of perturbations of the Chern-Simons functional of Y such that |π i | P Ñ 0, the critical points of CS`f π i are the same as the critical points of the unperturbed Chern-Simons functional and f π i " 0 in a neighborhood 10 of flat connections. Suppose A i P M π i z i pα i,´, α i,`q where α i,´a nd α i,`a re irreducible flat connections and z i is a path from α i,´t o α i,`w ith index 4. Then there are distinct flat connections α 0 , . . . , α k , a path z 0,i from α i´1 to α i , and a (non-perturbed) ASD connection A i P M z 0,i pα i´1 , α i q such that α 0 and α k are irreducible, the sum of the indices of z 0,1 , . . . , z 0,k is equal to 4´8n for a non-negative integer n and:
(3.43)
Proof. The proof is similar to that of Proposition 3.35. Since Y is SUp2q-non-degenerate, there are only finitely many SUp2q-flat connections. Using this observation and the fact that the index of connections A i are at most 4, we may assume that A i P M π i z pα´, α`q for a fixed path z and irreducible flat connections α´, α`. Following the argument of Proposition 3.35, we can construct nontrivial ASD connections A i P M z 0,i pα i´1 , α i q where α i is a flat connection, α 0 " α´, α k " α`, z 0,i is a path from α i´1 to α i and the inequality (3.43) is satisfied. Proof. We fix a sequence of admissible perturbations π i such that |π i | P Ñ 0, the critical points of CS`f π i are the same as the critical points of the unperturbed Chern-Simons functional and f π i " 0 in a neighborhood of flat connections. For each admissible perturbation π i and any α P L π i k`1 pY q, we have U pαq P L π i k pY q. Furthermore, there are flat connections α i,´, α i,`w ith Floer gradings 4k´3, 4pk´1q´3 and A i P M π i z i pα i,´, α i,`q with index 4 such that:
By taking infimum over all α P L π i k`1 pY q, we conclude that :
where the infimum is taken over all index 4 connections A i P M π i z i pα i,´, α i,`q where α i,´, α i,`a re irreducible flat connections. By taking the limit of the above inequality as i Ñ 8 and using Lemma 3.42, we can conclude that Γ Y pi`1q ě Γ Y piq`τ 1 pY q.
Next, we use the argument in the proof of Theorem 3.2 to obtain a more general result. The constant η in the following theorem is introduced in Definition 3.46:
where the infimum is taken over all ASD connections A on W which is asymptotic to irreducible flat connections on Y and Y 1 . Here we allow A to be a broken ASD connection. That is to say, A might have one of the following forms for irreducible flat connections α and α 1 :
(ii) A " pA 0 , A 1 q where A 0 P M z 0 pRˆY, α, Θq and
The constant ηpW q is a non-negative number. The set of possible values for the energy of ASD connections on W is a discrete subset of non-negative integers. Therefore, if ηpW q is finite, then it can be realized by the energy of a (possibly broken) ASD connection on W which is asymptotic to non-trivial connections on both ends. We have:
We also make the observation that if ηpW q " 0, then there is a flat connection extending non-trivial flat connections on Y and Y 1 . Consequently, if W is simply connected, then ηpW q ą 0. Proof. Firstly as in
Step 1 of the proof of Lemma 3.35 we can show that the terms ||F pA i q|| L 2 pW`q are uniformly bounded. Thus the Uhlenbeck compactness theorem implies that the connections A i , after passing to a subsequence and changing gauge, are weakly convergent to an ideal instanton pA 0 , Sq on W`, where S Ă W`is a finite subset and A 0 is an ASD connection. The weakly convergence of A i implies that A i , after possibly changing the gauge, is L p 1 convergent on compact subsets of W`zS to A 0 , and:
EpA 0 q ď lim sup
If the connection A 0 is asymptotic to non-trivial flat connections on both ends, then there is nothing left to prove. If it is asymptotic to the trivial connection on one of the ends, say the outgoing end, then we can argue as in Step 3 of Lemma 3.35 to find an instanton A 1 in a moduli space of the form M z 1 pRˆY 1 , Θ, α 1 q where α 1 is an irreducible flat connection on Y 1 . The pair pA 0 , A 1 q also satisfy the analogue of the inequality in (3.49). The other cases can be treated similarly.
Proof of Theorem 3.45. We follow a similar argument as in Theorem 3.2. Let w " pα, 0q and z form a special pair of degree´k. Then the pair w 1 " pϕpαq`Lpzq, 0q and z 1 " C W pzq satisfies the identity q dpw 1 q " ipz 1 q. Here ϕ : C π pY q Ñ C π 1 pY 1 q is the cobordism map associated to W . Recall that Lpzq " 0 if k is a positive integer. The first inequality in (3.3) can be modified as follows:
and z is a path over W from α to α 1 with index 0. This the inequality in (3.5) can be improved as follows:
where the second infimum on the right hand side is over all elements of the moduli spaces M π z pα, α 1 q with α, α 1 being irreducible critical points and z being a path along W of index 0 from α to α 1 . By taking the limit of the above inequalities as the norms of perturbations π, π 1 and π converge to zero and using Lemma 3.48, we can conclude:
In the case that k is a positive integer, the above argument can be modified to obtain the desired stronger inequality using the fact that Lpzq " 0. If hpY q ‰ 0, then either hpY q ą 0 or hp´Y 1 q ą 0. Propositions 3.23 and 3.31 imply that either Γ Y or Γ´Y 1 has a finite positive values in its image. Since W can be also regarded as a cobordism from´Y 1 to´Y , it cannot be a simply connected.
Remark 3.52. In his groundbreaking work [Tau87] , Taubes proves that if Y is an integral homology sphere and W : Y Ñ Y is a simply connected homology cobordism (or more generally a definite cobordism), then Y cannot bound a simply connected negative definite smooth manifold with a nonstandard intersection form. As it is stated in Theorem 5 and will be proved in Section 5, if Y bounds a manifold X with non-standard negative definite form (without any assumption on π 1 pXq), then Γ Y p1q is a finite positive number. Therefore, Theorem (3.45) gives a new proof of Taubes' result.
Chris Scaduto pointed out to the author that Taubes' method (gauge theory on manifolds with periodic ends) can be adapted to prove the second half of Corollary 3.51. Given a simply connected homology cobordism W : Y Ñ Y , we can from a 4-manifold M with a periodic end and a cylindrical end in the following way. For each non-negative integer i, let W i be a copy of W . We fix a metric on W which is cylindrical in a neighborhood of the boundary components corresponding to a fixed metric on Y . For each positive integer i we identify the outgoing end of W i`1 with the incoming end of W i . We also glue a copy of r0, 8qˆY to the outgoing end of W 0 . Applying the method of [Tau87] to the moduli spaces of ASD connections on M , which are asymptotic to the trivial connection on the cylindrical end and have finite energy, shows that hpY q has to vanish.
Corollary 3.51 implies that the answer to Question 1.5 is negative if the Rochlin homomorphism µ : Θ 3 Z Ñ Z{2Z is replaced with Γ Y . In general, there are integral homology spheres with non-trivial Rochlin invariant whose Γ Y does not take any positive value. For example, Γ Σp2,3,7q does not take any finite positive value by Example 3.50. However, µpΣp2, 3, 7qq is non-trivial. In [Daeb], we shall show that Corollary 3.51 can be extended to other families of integral homology spheres including Σp2, 3, 7q.
Relation to Fintushel and Stern's R-invariant
For n ě 3, suppose a 1 , . . . , a n are relatively prime positive integers. Throughout this section, we denote the Seifert fibered homology sphere Σpa 1 , a 2 , . . . a n q by Y unless otherwise is specified. The following elementary results about topology of Seifert fibered homology spheres is standard. (See, for example, [FS85] .) The 3-manifold Y admits a standard S 1 -action and the quotient space is S 2 . Suppose W " YˆD 2 {S 1 where the action of S 1 is induced by the Seifert action on Y and the standard action on the 2-dimensional disc D 2 . Then W has n singular points, one for each special fiber of Y . A neighborhood of the i th singular point is given by a cone over the lens space Lpa i , b i q where the constants b i satisfy the following identity:
and a " a 1¨a2 . . . a n . Let W 0 denote the complement of regular neighborhoods of the singular points of W . Then W 0 is a 4-manifold that:
There is an obvious projection map from L " YˆD 2 to W , that induces a Up1q-bundle on W 0 . We will write L 0 for this Up1q-bundle on W 0 . Then w 0 " c 1 pL 0 q generates H 2 pW 0 ; Zq and its restriction to the lens space boundary component Lpa i , b i q is b i times the standard generator of the second cohomology of this lens space. Moreover, W 0 is negative definite and c 1 pL 0 q 2 "´1 a . In particular, if we add cylindrical ends to W 0 and form W0 , then there is an abelian ASD connection B on the bundle L 0 . We assume that the metric on W0 is compatible with the standard spherical metrics on the lens space ends. The main goal of this section is to prove Theorem 6. At the outset, we mention how Rpa 1 , . . . , a n q enters into the proof of this theorem. Suppose θ is the trivial connection on the the trivial line bundle C over W 0 . Then we can form the path 11 z 0 along pW 0 , w 0 q which is represented by the ASD connection B ' θ. Then the index formula [MMR94, Tau93] imply that the expected dimension of the moduli space M z 0 pW 0 , w 0 q, which contains the reducible connection B ' θ, is equal to Rpa 1 , . . . , a n q of (1.6). Suppose β i is the unique positive integer less than a i such that 1`β i a a i is divisible by a i . Then the formula for Rpa 1 , . . . , a n q can be simplified to 2b´3 where b is given by [NZ85] :
We fix an ε-admissible perturbation π of the Chern-Simons functional of Y . As in Subsection 2.2, we can fix a secondary perturbation π of the ASD equation on W0 which is compatible with the chosen perturbation of the Chern-Simons functional of Y and the trivial perturbations of Chern-Simons functional of the lens space boundary components of W 0 . Moreover, we can assume that the norm of the perturbation term π is less than ε and all moduli spaces with dimension less than 8 consist of regular elements [Don02] . The following proposition can be used to prove half of Theorem 6. Lemma 4.2. Suppose b is an integer greater than 1 and n 0 denotes t b 2 u´1. Define γ 0 P C π pY q as follows:
where z is a path along pW 0 , w 0 q that restricts to a generator α of C π pY q on Y and to the same flat connections on the lens space boundary components as B ' θ. Moreover, Σ 0 is an embedded surface representing a generator of H 2 pW q and V pΣ 0 q denotes a divisor representing the homology class µpΣ 0 q on the configuration spaces of connections on W 0 [DK90] . Then γ 0 satisfies the following properties:
11 Previously, we defined paths along a cobordism W , which are given by equivalence classes of SUp2q-connections on W with respect to an appropriate equivalence relation. More generally, we can define paths for a pair pW, wq where W is a 4-dimensional cobordism and w P H 2 pW, Zq. The cohomology class w determines a Up1q-bundle on W and we fix a connection B on this bundle. Similar to the case of SUp2q-connections, we define an equivalence relation on Up2q-connections whose central parts are equal to B. Any equivalence class of this relation is called a path along pW, wq.
(i) dpγ 0 q " 0;
(ii) D 1˝U k pγ 0 q " 0 where k ă n 0 ;
(iii) D 1˝U n 0 pγ 0 q ‰ 0. Moreover, if δ is an arbitrary positive number, then by choosing ε small enough, we have:
Proof. We firstly assume that b is even. The coefficient of β in dpγ 0 q can be identified with the number of the boundary points of the compactification of the moduli space:
M π z pW 0 , w 0 , βq where z is a path along pW 0 , w 0 q such that the above moduli space is 1-dimensional, the restriction of z to Y is β, and z has the same restriction to the lens space boundary components as B ' θ. Here we use the fact that we do not have any boundary component induced by sliding energy off the lens space ends because any flat connection on a lens space is reducible.
For a non-negative integer k, if D 1˝U k pz 0 q is non-zero, then there is a pk`2q-tuple of ASD connections pA 0 , A 1 , . . . , A k , A k`1 q such that A 0 is an ASD connection contributing to the sum in (4.3), A i , for 1 ď i ď k, is an ASD connection on RˆY between irreducible flat connections α i´1 and α i contributing to U pα i´1 q, and A k`1 is an ASD connection on RˆY from α k to Θ contributing to D 1 pα k q. In particular, the index of A 0 is 0, the index of A i , for 1 ď i ď k, is 4 and the index of A k`1 is 1. Therefore, the sum of the indices of these ASD connections is 4k`1. We can glue the connections A i to obtain a connection which has the same asymptotic flat connections as B ' θ on the boundary of W 0 . Therefore, the additivity of ASD index with respect to composition of cobordisms implies that:
In particular, if k ă n 0 , then the sum of the topological energies of the connections A i is at most 1 2`1 4a . 12 Since the connections A i are solutions of perturbed ASD equation, it is a contradiction if ε is small enough. This verifies the claim in part (ii). In the case that k " n 0 , the above identity implies that the sum of EpA i q is equal to 1 4a . Therefore, the inequality in (4.4) holds for a small enough ε, if we show that D 1˝U n 0 pγ 0 q does not vanish.
Fix a positive integer k smaller than b 2 . In order to address the last part of the proposition, we introduce γ k P C π pY q which is defined similar to γ 0 . Fix n 0 distinct points x 1 , . . . , x n 0 on W 0 . For any 1 ď i ď n 0 , a standard construction in Donaldson theory allows us to form a co-dimension 4 divisor V px i q in the configuration space of irreducible connections on W 0 , which is a geometric representative for µppointq [KM95]. Define:
Here we may assume that the divisors are chosen such that the intersection (4.5) is transversal. In particular, a path z contributes to the above sum, if the dimension of the moduli space M π z pW 0 , w 0 ; αq is equal to 2k. A similar argument as in the case of γ 0 shows that γ k is a cycle. Moreover, we can show that γ k`1 and U pγ k q differ by a co-boundary element in C π pY q. To see this, we allow x k`1 to move off the boundary component Y of W 0 and consider the associated 1-parameter family of moduli spaces. Cutting this moduli space by the divisors V px 1 q, . . . , V px k q and studying its ends give the desired relation between γ k`1 and U pγ k q. 13 In particular, D 1 U n 0´k pγ k q is independent of k.
Consider the moduli space M π γ 0 pW 0 , w 0 q which contains the class of the reducible connection B ' θ. The divisors V px i q is defined only on the complement of the reducible connection. In fact, a neighborhood of the reducible connection is a cone over the projective space CP b´2 and the restriction of V px i q to the boundary of this cone represents the cohomology class´h 2 where h is the generator of H 2 pCP b´2 q [DK90, Subsection 5.1.2]. Let M 1 be the complement of this neighborhood of the reducible element of M π γ 0 pW 0 , w 0 q and N 1 denotes the boundary of this neighborhood. Therefore, we can form the 1-dimensional moduli space:
We compactify Z in the standard way to form a compact 1-manifold whose boundary is given by N 1 X V px 1 q X¨¨¨X V px j q and ž
Since the count of points in N 1 X V px 1 q X¨¨¨X V px j q does not vanish, the count of elements in (4.6) is also non-zero. The latter count is equal to D 1 pγ n 0 q by definition. Thus we conclude that D 1˝U n 0 pγ 0 q is nonzero. Analogous arguments can be used to prove similar claims in the case that b is odd. The only required new ingredient is that the restriction of the cohomology class V pΣ 0 q to CP u:
The reverse inequality is also a consequence of Lemma 4.8 below.
Lemma 4.8. For integral homology spheres Y and Y 1 , we have:
This lemma strengthens Lemma 3.31 for integral homology spheres which are homology cobordant to connected sum of two integral homology spheres. 
We can also analyze the boundary components of the moduli space M π,z i pN, α i , Θ, Θ 1 q to show that the above identity implies that:
Here F : C π # pY #Y 1 q Ñ Λ is induced by counting solutions of the perturbed ASD equation on N corresponding to paths of index 0 along N which restrict to an irreducible connection on Y #Y 1 and trivial connections on Y and Y 1 . The path x 1 (respectively, y 1 ) along N has index 0 and restricts to the trivial connection on the end Y 1 (respectively, Y ) and to irreducible connections on the remaining ends.
The path x 2 along RˆY (respectively, y 2 along RˆY 1 ) has index 1 and restricts to an irreducible connection on the incoming end and to the trivial connection on the outgoing end. Since dpγq " 0 and D 1 pγq ‰ 0, (4.10) implies that either there is a path x 2 along RˆY such that the moduli space M π x 2 pRˆY, β, Θq contains an element A i with: mdegpD 1 pγqq´mdegpγq ě EpA i q´δ or there is a path y 2 along RˆY 1 such that the moduli space M π 1 y 2 pRˆY 1 , β 1 , Θ 1 q contains an element A 1 i with: mdegpD 1 pγqq´mdegpγq ě EpA 1 i q´δ. Here δ is a constant which converges to 0 as i Ñ 8. Now by letting i go to 8 and using Lemma 3.35, we can verify (4.9). Proof. If there is a linear relation among Y i we can assume that we have a relation of the following form:
such that all integers n r and m s are positive, and i r and j s are all distinct elements of I. Evaluating the invariant Γ at 1 for the 3-manifolds given above implies that: 1 4 maxta i 1 , . . . , a i k u " 1 4 maxta j 1 , . . . , a j l u which is in contradiction with the assumption that the integers a i are distinct.
Example 4.13. If p, q are coprime positive integers and k is another positive integer, then RpΣpp, q, pqk1" 1. Therefore, Proposition 4.7 implies that:
Γ Σpp,q,pqk´1q p1q " 1 4pqppqk´1q .
Corollary 4.12 implies that tΣpp, q, pqk´1qu kPZ ą0 spans a Z 8 subgroup of Θ 3 Z . This result is proved by Furuta [FS90] and Fintushel and Stern [Fur90] .
Example 4.14. If p, q, k are as in Example 4.13, then Rpp, q, pqk`1q "´1. Therefore, Proposition 4.7 does not say anything about Γ Y when Y " Σpp, q, pqk`1q. This is in line with Example 3.50 where it is shown that Γ Y " Γ S 3 .
Example 4.15. Suppose p and q are coprime numbers, and a 1 , a 2 , . . . , a 2n`1 is a sequence of positive integers which a 1 " p, a 2 " q and for i ě 3:
Here k i is an arbitrary positive integer. Then Rpa 1 , . . . , a 2n`1 q " n. In particular, R-invariant could be arbitrarily large. As it is discussed in the introduction, if Rpa 1 , . . . , a 2n`1 q ě 5, then Propositions 3.44 and 4.7 imply that Σpa 1 , . . . , a 2n`1 q is not homology cobordant to an SUp2q-non-degenerate integral homology sphere.
Corollary 3 provides another family of 3-manifolds that similar techniques can be used to obtain information about Γ Y . Next, we give the proof of this corollary which recasts the arguments of [HK12] .
Proof of Corollary 3. There is a negative definite cobordism with trivial first integral homology from Σpp, q, 2pq´1q to Y p,q [HK12, Lemma 3.6]. Thus Theorem 3 and Example 4.13 imply that:
Γ Yp,q p1q ď Γ Σpp,q,2pq´1q p1q " 1 4pqp2pq´1q .
The study of the Chern-Simons functional of Y p,q in [HK12] shows that τ pY p,ě Proposition 5.1. Suppose Y is a homology sphere, and X is a 4-manifold with boundary Y such that b 1 pXq " 0, and the intersection form Q of X on H 2 pX, Zq{Tor is negative-definite. Suppose a cohomology class e P H 2 pX, Zq is fixed such that Qpeq is an even integer, |Qpeq| ě 2, |Qpeq| ď |Qpe 1 q| for any e 1 with e 1 " e mod 2, and: ÿ p´1q where the sum is over all pairs te 1 ,´e 1 u such that e 1 P H 2 pX, Zq, e 1 " e mod 2, and Qpeq " Qpe 1 q. Then Γ Y pn 0 q ď´1 4 Qpeq where n 0 "´1 2 Qpeq. The equality holds only if the fundamental group of X admits a representation to SUp2q with non-trivial restriction to the boundary.
Proof. We follow the proof of [Frø02, Proposition 1]. Since the proof is also similar to the proof of Lemma 4.2, we only sketch the main steps. Suppose L is the complex line bundle on X which represents the cohomology class e. We also fix a metric with cylindrical ends on X. The bundle L admits an ASD connection B such that ||F pBq|| L 2 pXq is finite. Let ε i be a sequence of positive numbers converging 0, and for each i, fix an ε i -admissible perturbation π i of the Chern-Simons functional of Y . We also pick a compatible perturbation π i of the ASD equation on X as in the previous section. Define:
z pX, e; αqλ Epzq α where the sum is over all paths along pX, eq of index 0 which restricts to a generator α of C π i pY q.
Following the same argument as in the proof of Lemma 4.2, we can show that dpγq " 0 and D 1 U k pγq " 0 for k ă n 0´1 . Moreover, the inequality in (5.2) implies that D 1 U n 0´1 pz 0 q is a non-zero multiple of λ´1 4 e 2 . To be a bit more detailed, we consider the moduli space that contains the ASD connection B ' θ and as in Lemma 4.2, we cut down the complement of a small neighborhood of the reducible connections with n 0´1 codimension 4 divisors representing µpptq. This determines a 1-dimensional moduli space. Clearly, the signed count of the boundary points of this moduli space is zero. This count has contribution from D 1 U n 0´1 pz 0 q and reducible connections. The count associated to the reducible connections is a non-zero multiple of (5.2), and hence it is non-zero. Consequently, D 1 U n 0´1 pz 0 q is non-zero. The dimension formula implies that this non-zero number is a multiple of λ´1 4 Qpeq . There is also an element A i of the moduli space of the form M π i z pX, e; αq such that mdegpγq is equal to EpA i q. In particular, we have:
By letting i Ñ 8, we have:
Analogue of Lemma 3.48 for 4-manifolds with one boundary component implies that there is a (possibly broken) ASD connection A 0 on X which is asymptotic to an irreducible flat connection on Y such that:
In particular, Γ Y pn 0 q ď´1 4 Qpeq and if the equality holds then A 0 has to be flat. Therefore, there is an SUp2q-representation of π 1 pXq, which extends a non-trivial representation of π 1 pY q.
Proposition 5.3. Suppose Y and X are given as in Proposition 5.1. Suppose also a non-negative integer m, a homology class Ξ P H 2 pX, Zq and a cohomology class e P H 2 pX, Zq are fixed such that Qpeq " m mod 2, |Qpeq| ě 2, |Qpeq| ď |Qpe 1 q| for any e 1 with e 1 " e mod 2 and: ÿ p´1q where the sum is over all pairs te 1 ,´e 1 u such that e 1 P H 2 pX, Zq, e 1 " e mod 2, and Qpeq " Qpe 1 q. Then Γ Y pn 0 q ď´1 4 Qpeq where n 0 "´Q peq`m 2
. The equality holds only if the fundamental group of X admits a representation to SUp2q with non-trivial restriction to the boundary.
Proof. Essentially the same proof as in Proposition 5.1 verifies this claim. We just need to modify the definition of γ as follows:
γ pX, e; αq X V pΣ 1 q X . . . V pΣ m qqλ Epγq α where Σ i is an embedded surface 15 in X representing the cohomology class Ξ and V pΣ i q is the standard codimension 2 divisor in the configuration space of irreducible connections on X representing µpΣq [DK90] .
The definition of Γ Y has some formal similarities with the expression on the left hand side of (A.3), where M is replaced with the configuration space BpY q and f is replaced with the S 1 -valued ChernSimons functional CS. Another similarity is that Γ Y , modulo integers, essentially takes values in the set of critical values of the Chern-Simons functional, i.e., the values of the Chern-Simons functional on SUp2q-flat connections. However, one should not go too far in this analogy. To have a better finite dimensional approximation to the construction of this paper one should consider a manifold M with an SOp3q action which has one fixed point and otherwise it is free. We also need to fix an SOp3q-invariant function on M . Working with an appropriate model for the homology of M , we can produce a chain complex with coefficients in Λ which has the form in (2.6). Then repeating the construction of Subsections 2.3 and refGammaY would provide a better finite dimensional approximation to Γ Y .
